Slow group velocity and Cherenkov radiation. 
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We theoretically study the effect of ultraslow group velocities on the emission of Vavilov-Cherenkov 
radiation in a coherently driven medium. We show that in this case the aperture of the group cone 
on which the intensity of the radiation peaks is much smaller than that of the usual wave cone 
associated with the Cherenkov coherence condition. We show that such a singular behaviour may 
be observed in a coherently driven ultracold atomic gas. 
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The recent observation of ultraslow group velocities 
in coherently driven media [0-(3) has opened the way to- 
wards new regimes of light propagation Q] and non-linear 
optics at very weak intensities [p|. In this letter, we in- 
vestigate the effect of ultraslow group velocities on the 
Cherenkov radiation emitted by a charged particle uni- 
formly moving with a velocity larger than the phase ve- 
locity of light. In the case of isotropic and non-dispersive 
media, the surface on which the intensity peaks coin- 
cides with the well known wave cone orthogonal to the 
wavevector of the emitted light and the aperture of which 
is determined by the usual Cherenkov coherence condi- 
tion. In the case of highly dispersive media, as we show 
here, the intensity is instead peaked on the surface of a 
group cone |J neither orthogonal to the phase nor to the 
group velocity of the emitted light and much narrower 
than the wave cone. First, we develop a general the- 
ory for Cherenkov emission in arbitrary dispersive and 
non-isotropic media from which we obtain analytical ex- 
pressions for the electric field intensity profile and, in 
particular, for the group cone aperture. Then, as an ex- 
ample, we investigate the optical properties of a coher- 
ently driven ultracold atomic cloud of 23 Na atoms which 
appears to be amenable to the observation of such a sin- 
gular behaviour. A clear distinction between wave cone 
and group cone is expected to clarify the role of the group 
velocity in the process of Cherenkov emission. 

Consider a charged point-like particle moving with 
constant velocity w = wi — c(3i through a non- 
absorptive and homogeneous medium characterized by 
an anisotropic and dispersive hermitian dielectric tensor 
e{to) = 6i : j(u>). The effects of a weak absorption will 
be considered afterward for the case of interest. Using 
Maxwell equations in Fourier space, we write the (k, lj) 
component of the radiated electromagnetic field E(k, lj) 
in terms of the corresponding Fourier components of the 
current density J(k, lo) = 2irqd(uj — k • w) w as 



E(k,u/) 



Attilo 



k z V k -^e(uj)\ J(k,u 



(1) 



the subspace orthogonal to k and k 2 = kiki is the 
square modulus of k. 

The poles of (Q) determine the propagating modes of 
the electromagnetic field through the well-known Fresnel 
equation 
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For each wavevector k, the different modes are character- 
ized by the frequency to a and the polarization unit vector 
e< Q ) normalized as ( e ( a )|e( Q >) = ^ e^ej^ = L We 
will not account here for longitudinal modes, assuming 
to 2 ^ and det[e(w)] 7^ for all values of lo. For each 
mode, the group velocity can be shown to be Iq] 
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We shall also restrict our attention to the simple case of a 
medium with rotational symmetry around the direction 
of the charge velocity; in this case, the revolution sym- 
metry of the dispersion surface Lo a (k) = to guarantees the 
parallelism of the components of the group velocity and 
the wavevector perpendicular to the z axis. 

The electric field at a position x = (xx, z) = (x^u^jz) 
can be obtained from the inverse Fourier transform of (|lj) . 
At sufficiently large distances from the charge trajectory, 
only the poles of ([j]) effectively contribute to the Fourier 
transform. In fact, the electric field at these distances is 
given by the resonant excitation of propagating modes, 
while the non-resonant contribution from all other modes 
decays out in space with a faster power law [91. Within 
such an approximation we can write for the r compo- 
nent, 



where VY* = 
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is the projection operator onto 
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Here, w = w/w is the direction of the charge velocity 
w and fi a = (e (a) | (k 2 V^j |e (a) ) is a weight factor. 

In obtaining the expression (^) the angular integration in 
kj_ has been already performed in the large k±x± limit so 
that, for each position xj_, only the field components with 
kj^ parallel to Xj_ have a stationary phase and therefore 
give a nonvanishing contribution to the integral. 

Depending on the velocity of the charged particle, for 
each direction and frequency u>, at most two distinct 
poles at k± (a — 1,2) contribute to the integral, which 
correspond to propagating modes with wavevector k( Q ) = 

(fcj" u_i_, oj/w) and polarization e^ Q '. As shown in fig{j], 
at a given frequency u> Cherenkov light is emitted into the 
mode a only if the k z — uj / 1 cf3 plane has a non- vanishing 
intersection with the dispersion surface uj a (k) = u> of the 
mode. In the case of a medium with rotational symmetry, 
this condition is satisfied if the particle velocity exceeds 
the phase velocity of mode a for k parallel to w, i.e. 
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and the intersection is the k± = k^ circle. Here e±(tj) 
are the eigenvalues of the dielectric constant in the plane 
perpendicular to the z axis. For an isotropic medium, the 
condition (|5|) reduces to the usual Cherenkov condition 
/3 2 eM>l @. 

The theory developed up to now has considered the 
case of a non-absorptive medium for which the poles 

(a) 

k]_ are real; the effect of a weak absorption consists in 
the introduction of a small and positive imaginary part 
Im[fc^ Q ' ) ] in the argument of the exponential in (Q) without 
modifying the pole structure of the integral. The result- 
ing damping factor e ~ lm [ k ± 1 x -l accounts for absorption 
of the emitted radiation during propagation. 

We now consider a medium with a narrow trans- 
parency window centered at w; for a single polarization 
state a = 1, the absorption factor in the neighborhood 
of L) can be approximated by Im[fc^] ~ ^(lo — Q) 2 with 

rj = d 2 lm[k^ ]/duP. Inserting this expression into 
we finally obtain an explicit expression for the electric 
field intensity profile 



, l5 An 2 
|E(x,i)| 2 = -^-exp 



1 



■qxi 



z x± 
- + — -t 

w v r 



w) 
(6) 



where is the polarization vector of the mode at fre- 
quency Q and A = Ak^ui 2 /c^fifrj. The radial velocity v r 
is defined according to 
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where and v g are respectively the perpendicular and 

parallel components of the group velocity v^ 1 ' with re- 
spect to the direction w = w/w of the charge velocity. 
As it can be observed in fig.pl, sufficiently far from the 
charge, i.e. at points x± ^> £ = rjv 2 , the electric field 
intensity (||) is peaked on the group cone described by 
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whose aperture 9 is equal to 

tan 8 = v r /w. 
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In general, 8 is different from the aperture <fi of the wave 
cone orthogonal to the wavevectors of the emitted radia- 
tion, which is instead given by tan</> = ui/wk]_ ' . A sim- 
ple physical interpretation of the group cone can be put 
forward in terms of group velocity considering that, 
for each direction around the charge velocity, the burst of 
Cherenkov light is emitted into a group of modes centered 
at kW while the peak of the pulse moves in space with 
a velocity equal to the group velocity Vg 1 ^ experiencing 
an almost negligible absorption. The cone defined by this 
geometrical construction (fig.§) can be proven in all cases 
to be equivalent to the group cone defined by (||) and to 
coincide, for the case of an isotropic medium, with the 
group cone introduced by Frank || . Notice that this cone 
turns out to be in general neither orthogonal to the group 
velocity nor to the wavevector. In the case of isotropic 
and non-dispersive media, in which v g = v p h = ^k, n 
being the refractive index, the group and the wave cones 
coincide and have an aperture <fi defined by the usual 
Cherenkov condition (3n sin <f> = 1 . 

The weak dispersion of common dielectrics makes the 
difference between the group and the wave cones very 
small and has prevented upto now its experimental ob- 
servation When the group velocity is much smaller 
than the phase velocity the group cone is expected to be 
well separated from the wave cone (fig.||) and to have an 
extremely narrow shape 8 <C 1. Following the recent ob- 
servations of ultraslow light in coherently driven hot [QJ|] 
and cold || atomic gases, such media appear as promis- 
ing candidates for the experimental characterization of 
the role of group velocity in Cherenkov radiation. 

Consider a cloud of ultracold atoms jll| in a three- level 
A-type configuration and take, as a specific example, the 
case of 23 Na atoms (fig]^) magnetically trapped in the 
Mp = —1 sublevel of the F g = 1 ground state. Let u g be 
the frequency of such a state. The other hyperfine com- 
ponent of the S1/2 ground state is a metastable state with 
F m = 2 approximately 1.8 GHz blue-detuned with re- 
spect to the ground state. A weak coherent field polarized 
along the trap magnetic field drives the optical transition 
from the metastable state to the F e = 2 hyperfine com- 
ponent of the P1/2 excited state. Its Rabi frequency Q is 
smaller than the excited state linewidth j e ~ 2ir ■ 10 MHz 
while its frequency is taken to be exactly on resonance 
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with the transition between the Mp = Zeeman com- 
ponents u>dr = w e [Mp = 0] — u> m [Mp = 0]. Assuming 
the charge velocity to be parallel to the trap magnetic 
field, the rotational symmetry of the system around the 
z axis implies jl3| the following decomposition of the di- 
electric tensor e(u>) = e z (oj)|z)(z + e+(w)|o'+ ){<J+\ + 
e_(w)|o"_ )(<r_|. For each frequency u> and direction k, 
the two propagating modes defined by (|^) are generally 
non-degenerate except at high symmetry points and have 
elliptical polarizations; from the point of view of the 
spatial symmetry of the optical constants, the polarized 
atomic cloud is in fact not only uniaxial, but also opti- 
cally active. Since the linewidth 7 m of the metastable 
to state is orders of magnitude smaller || than that of 
the excited e state j e , electromagnetically induced trans- 
parency (EIT) occurs on the <r + polarization in a narrow 
frequency window of linewidth T = fl 2 /~f e -C 7 e around 
UJ+ = u> e [Mp = 0] — ujg |]l2f where absorption is quenched 
and dispersion enhanced so as to give slow light prop- 
agation. In the same frequency window u> ~ lu+, the 
transitions from the ground state to the Mp = —2,-1 
sublevels of the excited state are sufficiently off-resonance 
(Aw 2 _ = Lo e [Mp = —1, —2] —u e [Mp = 0]^> 7 e ) so as to 
give a positive and relatively frequency-flat background 
contribution to the <7_ and z components of the dielectric 
tensor 
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The oscillator strengths f± tZ are proportional to the 
atomic density times the square of the dipole moment of 
the optical transition and differ from each other depend- 
ing on the relevant Clebsch-Gordan coefficients. The de- 
tunings Aw z _ follow from the Zeeman splitting of the 
atomic levels, which implies that the background refrac- 
tion can be experimentally controlled by tuning the mag- 
netic field; with 23 Na atoms, a splitting Acl>_ of about 
2ir ■ 40 MHz occurs in a reasonable magnetic field of the 
order of 80 G. Given the different magnetic moments of 
metastable and excited states, the weak dressing field can 
not effectively dress the optical transitions other than the 
resonant one between the Mp = sublevels. Thanks to 
their large detuning with respect to w+, all transitions 
involving the other hyperfine components of the excited 
state can be neglected. 

The threshold velocity (pj) for Cherenkov emission at 
l o + is determined by the background refractive index 
(|ll|). If the velocity is larger than the threshold value, 

light is radiated into a mode with non- vanishing fc^'; in 
presence of EIT, such a radiation will propagate with ul- 
traslow group velocity without being absorbed. The mag- 
nitude of the group velocity (^) is mainly determined by 
the dispersive properties of EIT while its direction de- 
pends on the background refractive index only. Group 



velocities as low as 17m/sec have been reported in an 
ultracold sodium gas |j| and this means that the group 
cone would have an extremely narrow shape, practically 
a cylindrical one (9 <C 1). From the parameters of |§, 
the characteristic length £ = toj 2 ~ r)Vg 2 turns out of the 
order of 10 /im and the background susceptibility A-kxT- 
is of the order of 10~ 2 , i.e. much larger than that usually 
found in gas Cherenkov counters (lO) . 

The theory we have developed is based on the assump- 
tion of a homogeneous medium. This approximation is 
reasonable provided the overall size of the atomic cloud is 
much larger than the wavelength of the Cherenkov light 
whose detection should be performed within the cloud 
itself so to avoid reflection effects at the edges of the 
cloud. For the case of EIT media, a picture of the group 
cone can be taken exploiting the very large cross section 
for resonant two-photon absorption processes fL5| |: the 
absorption coefficient experienced by a laser field on res- 
onance with another optical transition starting from the 
Mp = sublevel of the metastable to state is in fact 
proportional to the local intensity of the Cherenkov ra- 
diation at ui + which forms the narrow group cone [pj. 
Since the interaction of the charge with the atoms of the 
cloud results not only on Cherenkov emission but also 
on other heating and ionization processes [Q, it is neces- 
sary to reduce the importance of such short-range pro- 
cesses by making the charge travel in a region of space 
free from atoms. For the case of an atomic cloud, this 
can be achieved e.g. by using the repulsive potential of 
a blue-detuned laser so as to create a sort of "tunnel" 
through the cloud; a small cylindrical hole with a radius 
of the order of the wavelength does reduce the yield of 
the Cherenkov radiation, but does not affect the qualita- 
tive features of the Cherenkov pulse propagating in the 
surrounding medium p4[ . Unfortunately, the intensity 
of the Cherenkov radiation emitted by a single electron 
is rather low. For the 23 Na parameters and statistically 
independent electrons, a photon is emitted in the mode 
under consideration each 10 7 electrons. This problem 
may be overcome by looking at the electric field gener- 
ated by a very large number of electrons at a time: since 
the radial velocity v r is much smaller than the charge 
velocity w, the profile of the group cone would not be 
smeared out even if the spatial extension of the bunch 
of electrons is much longer than the wavelength of the 
emitted light. 

In summary, we have developed a general theory for 
Cherenkov emission in arbitrary non-isotropic and dis- 
persive dielectrics and we have given an analytic expres- 
sion for the group cone over which the intensity of the 
emitted light is maximum. Unlike in isotropic and non- 
dispersive media, the group cone is here much narrower 
than the wave cone defined by the usual Cherenkov coher- 
ence condition and is neither orthogonal to the phase nor 
the group velocity. This conceptual distinction becomes 
of great physical relevance in media exhibiting slow light 
propagation. For the realistic case of a coherently driven 
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ultracold 23 Na gas, the geometrical and dispersive prop- 
erties of the dielectric tensor are shown to be favourable 
to the experimental characterization of the role of the 
group velocity in the process of Cherenkov emission. 
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FIG. 1. Schematic plot of the longitudinal cross section of 
the dispersion surfaces for the two propagating a = 1, 2 modes 
at a given ui. The vertical lines are the cross sections of the 
k z — u/fic planes. For (3 = /3i, no Cherenkov radiation occurs 
at uj; (3 = $2 is the thershold velocity for the a — 1 mode; for 
f3 — /?3, both modes are excited. 
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FIG. 2. Intensity contour-plot 
cross-section of the group cone at t 



of the longitudinal 
= for v^/w = 0.01. 
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FIG. 3. Geometrical construction for the group cone. Dur- 
ing the time At, the charge moves from A to B with 
AB — w At, while the radiation emitted in A propagates 
from A to C with AC = v 9 At. As discussed in the text, the 
straight line joining B and C is a generatrix of the group cone. 
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FIG. 4. Scheme of the 23 Na atomic levels involved in the 
optical process under examination. 
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